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Matrix Multiplication Verification

Obvious Solution?
    Do the multiplication of 𝐴 and 
    𝐵 directly and compare to 𝐶.

Running Time?
    𝑂 𝑛3
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Problem: Given three 𝑛 ×
𝑛 matrices 𝐴, 𝐵, and 𝐶, 
verify that 𝐴𝐵 = 𝐶.
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Freivalds’ Algorithm (on input 𝐴, 𝐵, 𝐶):
1. Generate 𝑛 × 1 vector 𝑟 containing 

random 0 or 1 values. 
2. Check if 𝐴 𝐵𝑟 = 𝐶𝑟.
3. If yes, return True. If no, return False.

𝐶𝐵𝐴 𝑟𝑟
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Freivalds’ Algorithm (on input 𝐴, 𝐵, 𝐶):
1. Generate 𝑛 × 1 vector 𝑟 containing 

random 0 or 1 values. 
2. Check if 𝐴 𝐵𝑟 = 𝐶𝑟.
3. If yes, return True. If no, return False.

Error Types:
1. False Negative. 𝐴𝐵 = 𝐶, 

but Freivalds’ says false.
2. False Positive. 𝐴𝐵 ≠ 𝐶, 

but Freivalds’ says true. 

𝐶𝐵𝐴 𝑟𝑟

What is the probability of a false negative?

Zero. If 𝑨𝑩 = 𝑪, then 𝑨𝑩 𝒓 = 𝑪𝒓 and 𝑨(𝑩𝒓) =
𝑪𝒓.

If 𝑨𝑩 = 𝑪, Freivalds’ never returns false.



Error Types:
1. False Negative. 𝐴𝐵 = 𝐶, 

but Freivalds’ says false.
2. False Positive. 𝐴𝐵 ≠ 𝐶, 

but Freivalds’ says true. 
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Freivalds’ Algorithm (on input 𝐴, 𝐵, 𝐶):
1. Generate 𝑛 × 1 vector 𝑟 containing 

random 0 or 1 values. 
2. Check if 𝐴 𝐵𝑟 = 𝐶𝑟.
3. If yes, return True. If no, return False.



Freivalds’ Follies
Freivalds’ fails when: 

𝐴𝐵 − 𝐶 ≠ 0 and 𝐴𝐵 − 𝐶 𝑟 = 0
i.e., if 𝐷 = 𝐴𝐵 − 𝐶, when 𝐷 ≠ 0 and 𝐷𝑟 = 0



Freivalds’ Follies
Freivalds’ fails when: 

𝐴𝐵 − 𝐶 ≠ 0 and 𝐴𝐵 − 𝐶 𝑟 = 0
i.e., if 𝐷 = 𝐴𝐵 − 𝐶, when 𝐷 ≠ 0 and 𝐷𝑟 = 0
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Freivalds’ Follies
Freivalds’ fails when: 
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For 𝐷 very close to 0, it would 
not be hard to get 𝐷𝑟 = 0.
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For 𝐷 very close to 0, it would 
not be hard to get 𝐷𝑟 = 0.

For 𝐷 very far from 0, it 
requires substantially more 
luck to get 𝐷𝑟 = 0.



What is the probability that Freivalds’ fails?
 Pr[Freivalds’ returns true|𝐴𝐵 ≠ 𝐶] = Pr[𝐷𝑟 = 0|𝐷 ≠ 0] = ?

Suppose 𝐷 ≠ 0. Then at least one element of 𝐷 must be nonzero (𝑑𝑗). Let 𝑑 = 𝑑1, 𝑑2, … , 𝑑𝑛  

be the row containing 𝑑𝑗. Freivalds’ fails if 𝐷𝑟 = 0, which requires 𝑑 ⋅ 𝑟 = 0. Then,

So, 

𝑆 and 𝑑𝑗 + 𝑆 can’t both equal 0, since 𝑑𝑗 ≠ 0. Thus, Pr 𝑑 ⋅ 𝑟 = 0|𝐷 ≠ 0 ≤
1

2

Freivalds’ Error Analysis
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Freivalds’ fails when: 
𝐴𝐵 − 𝐶 ≠ 0 and 𝐴𝐵 − 𝐶 𝑟 = 0

i.e., if 𝐷 = 𝐴𝐵 − 𝐶, when 𝐷 ≠ 0 and 𝐷𝑟 = 0



• Where is the error?
   𝐴𝐵 ≠ 𝐶, but Freivalds’ returns true. 

• What conditions lead to the error?
 𝐴𝐵 − 𝐶 ≠ 0, but 𝐴𝐵 − 𝐶 𝑟 = 0.

• How likely is the error?

 Pr[Freivalds’ returns true|𝐴𝐵 ≠ 𝐶] ≤
1

2

• How do we mitigate the error?
 

Freivalds’ Error Analysis
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Running time:
 𝑂 𝑛2 log 𝑛 ∈ 𝑜 𝑛2+𝜀 , ∀𝜀 > 0



• Where is the error?
   𝐴𝐵 ≠ 𝐶, but Freivalds’ returns true. 

• What conditions lead to the error?
 𝐴𝐵 − 𝐶 ≠ 0, but 𝐴𝐵 − 𝐶 𝑟 = 0.

• How likely is the error?

 Pr[Freivalds’ returns true|𝐴𝐵 ≠ 𝐶] ≤
1

2

• How do we mitigate the error?

 Repeat Freivald’s 𝑘 times to push error to ≤
1

2𝑘

Freivalds’ Error Analysis



Freivalds’ in Practice Accuracy of Freivalds’ as number 
of nonzero entries in 𝐷 increases.
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Freivalds’ in Practice Performance of amplification 
on worst-case scenario.
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What is the probability that Freivalds’ fails?
 Pr[Freivalds’ returns true|𝐴𝐵 ≠ 𝐶] = Pr[𝐷𝑟 = 0|𝐷 ≠ 0] = ?

Suppose 𝐷 ≠ 0. Then at least one element of 𝐷 must be nonzero (𝑑𝑗). Let 𝑑 = 𝑑1, 𝑑2, … , 𝑑𝑛  

be the row containing 𝑑𝑗. Freivalds’ fails if 𝐷𝑟 = 0, which requires 𝑑 ⋅ 𝑟 = 0. Then,

So, 

𝑆 and 𝑑𝑗 + 𝑆 can’t both equal 0, since 𝑑𝑗 ≠ 0. Thus, Pr 𝑑 ⋅ 𝑟 = 0|𝐷 ≠ 0 ≤
1

2

𝐷𝑟 = 0 requires 𝑏 ⋅ 𝑟 = 0 for every row 𝑏 of 𝐷. So, the probability that 𝐷𝑟 = 0 must be ≤ the 
probability that 𝑏 ⋅ 𝑟 = 0 for any individual row 𝑏. 

I.e., Pr 𝐷𝑟 = 0|𝐷 ≠ 0 ≤ Pr 𝑑 ⋅ 𝑟 = 0|𝐷 ≠ 0 ≤
1

2
. 

Freivalds’ Improvement

𝑑 ⋅ 𝑟 = ቊ
𝑆

𝑑𝑗 + 𝑆
, if 𝑟𝑗 = 0

, if 𝑟𝑗 = 1

⇒ 𝑷𝒓[Freivalds’ returns true|𝑨𝑩 ≠ 𝑪] ≤
𝟏

𝟐

𝑑 ⋅ 𝑟 = ෍

𝑖=1

𝑛

𝑑𝑖𝑟𝑖 = ෍

𝑖=1

𝑗−1

𝑑𝑖𝑟𝑖 + 𝑑𝑗𝑟𝑗 + ෍

𝑖=𝑗+1

𝑛

𝑑𝑖𝑟𝑖 = 𝑑𝑗𝑟𝑗 + ෍

𝑖≠𝑗

𝑑𝑖𝑟𝑖 = 𝑑𝑗𝑟𝑗 + 𝑆

Freivalds’ fails when: 
𝐴𝐵 − 𝐶 ≠ 0 and 𝐴𝐵 − 𝐶 𝑟 = 0

i.e., if 𝐷 = 𝐴𝐵 − 𝐶, when 𝐷 ≠ 0 and 𝐷𝑟 = 0Where does the 2 come from?
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 From the fact there are 2 options for 𝒓𝒋.
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What can we do to make that probability 
smaller?
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Freivalds’ Amplification

Problem: If the input instance is wrong (i.e., 𝐴𝐵 ≠ 𝐶) , Freivalds’ has as 
much as a 50% chance of being incorrect.

Solution: What if we run Freivalds’ (independently) twice and return false 
if either run returned false? We are wrong only if both runs were wrong. 
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1

2
×

1

2
=

1

4
 

What if we do it 𝑘 times? 
Pr correct answer ≥ 1 −

1

2𝑘

𝑘 Probability we are right

1 0.5

2 0.75

5 0.97

10 0.99902

20 0.99999905

50 0.9999999999999991

What is the probability of that?

Running time consequences? 

𝑂 𝑘𝑛2 ∈ 𝑂(𝑛2), if 𝑘 is a fixed constant

⇒ Probability we get correct answer ≥ 1 −
1

4
 

An event occurs with high probability if its probability goes to 1 as 
𝑛 goes to infinity. So, running Freivalds’ for a fixed 𝑘 number of 
runs does not qualify as succeeding with high probability.

But, if we let 𝑘 = log2 𝑛, the probability of running it 𝑘 times 
succeeding becomes at least:

1 −
1

2log2 𝑛
= 1 −

1

𝑛
 

𝑛→∞
 1

Running time:
 𝑂 𝑛2 log 𝑛 ∈ 𝑜 𝑛2+𝜀 , ∀𝜀 > 0
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